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Abstract. Dispersive properties of linear and nonlin-
ear MHD waves, including shear, kinetic, electron inertial
Alfv´ en, and slow and fast magnetosonic waves are analyzed
using both analytical expansions and a novel technique of
dispersion diagrams. The analysis is extended to explicitly
include space charge effects in non-neutral plasmas. Non-
linear soliton solutions, here called alfvenons, are found to
represent either convergent or divergent electric ﬁeld struc-
tures with electric potentials and spatial dimensions simi-
lar to those observed by satellites in auroral regions. Sim-
ilar solitary structures are postulated to be created in the so-
lar corona, where fast alfvenons can provide acceleration of
electrons to hundreds of keV during ﬂares. Slow alfvenons
driven by chromospheric convection produce positive poten-
tials that can account for the acceleration of solar wind ions
to 300–800km/s. New results are discussed in the context
of observations and other theoretical models for nonlinear
Alfv´ en waves in space plasmas.
1 Introduction
In a recent review, Paschmann et al. (2002) provide a long
list of problems in auroral physics that still remain unsolved.
Similarly, there is an ongoing debate on some 20 mecha-
nisms proposed for the acceleration of plasma in the solar
corona (Aschwanden, 2004). While observations in the so-
lar corona can be made only remotely, which strongly lim-
its spatial resolution, there are many detailed measurements
in the magnetosphere. Both optical and in situ measure-
ments show that acceleration of auroral particles occur on
two distinctive spatial scales. The large scale ∼50km is as-
sociated with inverted-V type electron acceleration, which
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is pictured in the form of convergent electric ﬁeld structures
that would accelerate electrons into and ions out of the iono-
sphere (Gurnett, 1972; Mozer et al., 1980). The small scales
correspond to thin arcs with thickness ∼1km, which can be
associated with alfv´ enic structures on electron inertial scale
length (Stasiewicz et al., 2000a).
In addition to convergent electric ﬁeld structures found in
regions with upward magnetic ﬁeld-aligned currents, there
are observations of divergent structures, which occur in
downward current regions, and could be associated with
void, or black aurora (Marklund et al., 1994; Carlson et al.,
1998a; Ergun et al., 1998; Marklund et al., 2001). The key
issues of auroral research concern the understanding how the
negative and positive electric potential structures are formed,
which driver provides the required energy, what determines
their spatial scales, their electric polarization, and how the
parallel electric ﬁelds within these structures are supported.
In this paper we shall present a uniﬁed view providing
explanations for the major issues of auroral physics: (i)
the presence of a wide range of spatial scales in auroral
structures, (ii) the creation of negative and positive electric
ﬁeld structures, (iii) mechanisms supporting parallel electric
ﬁelds, and (iv) drivers of auroral activity and electron accel-
eration. The model is universal and applicable both to accel-
eration of electrons producing aurora in the magnetosphere,
and to the generation of solar wind and acceleration of parti-
cles producing X-ray emissions during solar ﬂares.
Brieﬂy, the model is based on nonlinear wave solutions
of two-ﬂuid equations. Alfv´ enic soliton solutions have been
studied extensively using Derivative Nonlinear Schr¨ odinger
(DNSL) equation (Hada et al., 1989; Medvedev and Dia-
mond, 1996; Mjølhus and Wyller, 1988; Nocera and Buti,
1996; Spangler, 1990; Buti, 1999; Passot et al., 2005), or
complete one- or two-ﬂuid equations (McKenzie et al., 2004;
Dubinin et al., 2003, 2005; Sauer et al., 2003). However,
until recently it has not been realized that soliton solutions
represent bipolar electric ﬁeld structures with either positive
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potential (divergent electric ﬁeld), or negative potential (con-
vergent electric ﬁeld). These solitary electric ﬁeld structures
have been numerically modelled by Stasiewicz (2006, 2007);
Stasiewicz and Ekeberg (2008), who found that electric po-
tentials of several kV in aurora, and a few hundred kV in the
solar corona can be created on spatial scales ranging from
the electron inertial length, λe=c/ωpe, to a few ion inertial
lengths, λi=c/ωpi, where ωpe, ωpi denote the electron and
ion plasma frequencies, and c is the speed of light. The elec-
tron, λe and ion scale λi=λe
√
mi/me determine two scales
of solitary structures responsible for the acceleration of auro-
ral electrons. Note that λe∼1km and λi∼50km in a proton
plasma with the density of N∼20cm−3, which could cor-
respond to conditions in the auroral acceleration region at
altitudes of 1RE.
The creation of large amplitude electric ﬁeld structures
implies that space charge effects may play important role
in particle acceleration and should be explicitly included in
the governing equations. This issue has been recently high-
lighted by a controversy between Verheest (2007a,b) and
McKenzie et al. (2007) on the existence of solitary waves
in charge neutral plasmas.
We shall also make brief review of the progress in the the-
ory and applications of nonlinear waves to acceleration of
particles and comment on confusing nomenclature and some
misconceptions present in the literature on dispersive Alfv´ en
waves. For example, the universal importance of the ion in-
ertial scale λi for all MHD waves has not been recognized,
and focus has been on electron inertia λe, which is relevant
only for propagation perpendicular to the magnetic ﬁeld B in
very cold plasmas (β<me/mi).
It is usually thought that nonlinear waves represent a sort
of sine waves, but with larger amplitudes. This is not the
case, because solitary wave solutions occupy regions in the
parameter space different from sinusoidal waves and repre-
sent separate nonlinear entities. We shall also point out that
many published models of nonlinear Alfv´ en waves are ques-
tionable, because they are based on equations that impose
artiﬁcial restrictions, e.g. a linear magnetic polarization, or
electrons assumed to move only parallel while ions only per-
pendicular to B.
The presence of a perpendicular potential drop implies the
creation of a parallel potential of the same magnitude, and
vice versa. A long lasting debate on the existence of elec-
tric ﬁelds parallel to B is bounded by two extreme positions:
Some authors believe that parallel electric ﬁelds either do not
exist, or cannot be understood in the frame of ﬂuid equa-
tions. On the opposite side, there are authors who claim
that parallel electric ﬁelds can be explained by ideal MHD
equations (Tsiklauri, 2006). In Sect. 3, we show that the
wellknown, “traditional”ﬂuidequationsinfactdescribefour
mechanisms that contribute to the parallel electric ﬁeld.
2 Basic observations and measurements
The properties of dispersive Alfv´ en waves in the electron in-
ertial limit have been investigated with the Large Plasma De-
vice at UCLA (Gekelman et al., 2008) in many experimental
setups and beta regimes. Gekelman et al. (2000) made mea-
surements of the propagation of waves with ion temperatures
and drifts measured using laser induced ﬂuorescence, a diag-
nostic that was later improved by Palmer et al. (2005). Dis-
persive properties of waves at the critical β≈me/mi, corre-
sponding to the transition between the regimes dominated by,
on one hand, electron inertia and, on the other hand, kinetic
effects, were studied by Kletzing et al. (2003) and Vincena
et al. (2004). Here, β=βi+βe denotes the ratio of plasma and
magnetic ﬁeld pressures. These experiments enable repeti-
tive, detailedmeasurementsofwavepropertiesandalsoserve
as tests of various theories and approximations.
In space physics, the high resolution measurements of
Freja (Lundin et al., 1998) and FAST (Carlson et al., 1998b)
havegeneratedgreatinterestinthestudyofdispersiveAlfv´ en
waves in the auroral ionosphere. Freja observations of spa-
tially localized strong electromagnetic pulses were inter-
preted ﬁrst as signatures of solitary kinetic Alfv´ en waves
(SKAW) by Louarn et al. (1994) and Wahlund et al. (1994).
The terminology used by these authors was unfortunate, be-
cause measurements made by Freja were done in a pre-
dominantly low beta environment, β<me/mi, where ki-
netic Alfv´ en waves (KAW) do not exist. The observations
were related to intense current structures jk∼100µAm−2
on the electron inertial scale (Stasiewicz et al., 1997, 1998;
Ivchenko and Marklund, 2002). The use of KAW terminol-
ogy to describe electron inertial structures caused consider-
able confusion among other authors who continued to mix
kinetic, ﬁnite-beta effects with electron inertial effects.
Observations made by the POLAR spacecraft at distances
4–6RE (Earth radii) have shown the presence of Poynting
ﬂux carried by Alfv´ en waves with magnitude sufﬁcient to
drive auroral phenomena (Wygant et al., 2000; Keiling et al.,
2000; Keiling et al., 2002). These results were challenged
by Janhunen et al. (2006) who claimed that parallel Poynting
ﬂux measured at radial distances 4–5RE is insufﬁcient to ac-
countforauroralenergizationofelectrons. UsingFASTdata,
Chaston et al. (2003, 2005) investigated the width and bright-
ness of auroral arcs and energy deposition by ﬁeld-aligned
electrons. They conﬁrmed a typical thin structure thickness
of ∼1km and found an energy deposition of ∼10mW/m2.
Observations in the solar atmosphere reveal the presence
of various modes of MHD waves (DeMoortel et al., 2000;
Robbrecht et al., 2001). Outward propagating Alfv´ en waves
in the solar corona have also been investigated using Faraday
rotation ﬂuctuations from the Helios spacecraft by Samoz-
naev et al. (2000). Observational evidence for the presence
ofMHDwavesinthecoronahavebeenreviewedbyBanerjee
et al. (2007). A connection between Alfv´ en and slow mode
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waves, andsourcesofsolarwindhasrecentlybeenconﬁrmed
with Hinode data by Cirtain et al. (2007); Sakao et al. (2007).
3 Acceleration by electric ﬁelds
Starting with the equation for the Lorentz force acting on a
particle with mass m, and charge q in electromagnetic ﬁelds,
m
dv
dt
= q(E + v × B), (1)
and making the dot product with velocity v, we see that
charged particles can be heated or accelerated by the elec-
tric ﬁeld only:
d
dt
 
mv2
2
!
= qEkvk + qE⊥ · v⊥. (2)
The magnetic ﬁeld does not accelerate particles, but the time-
varying ﬁeld produces an electric ﬁeld, ∇×E=−∂B/∂t that
can lead to (betatron) acceleration.
Acceleration of charged particles by parallel electric ﬁeld
(EkB) is rather trivial, but there is a long debated problem
concerning how the macroscopic Ek can be maintained in
view of the high parallel mobility of particles. Within the
two-ﬂuid model, the parallel electric ﬁeld can easily be ob-
tained from the generalized Ohm’s law (e.g. Krall and Triv-
elpiece, 1973) as
Ek = ηJk −
∇kpke
Ne
−
(p⊥e − pke)
Ne
(∇B)k
B
+
me
Ne2[∇ · (VJk + JVk) +
∂Jk
∂t
], (3)
which describes four mechanisms supporting Ek. These are:
(i) classical or anomalous resistivity, η, (ii) the electron pres-
sure gradient along the magnetic ﬁeld, (iii) the magnetic
mirror force acting on anisotropic electron pressures, and
(iv) electron inertial effects. An additional mechanism for
the parallel electric ﬁeld can be provided by double layers
(Charles, 2007), which are on smaller (Debye length) scale
and require kinetic description. Phenomenologically, they
can be included in Eq. (3) as a sort of anomalous resistivity.
The perpendicular electric ﬁeld ﬁrst induces the electric
drift VE=E×B/B2, which does not lead to heating. How-
ever, a sufﬁciently large gradient of the electric ﬁeld would
break the symmetry of Larmor orbits and lead to perpendic-
ular energization. A necessary condition for this type of ac-
celeration is (Cole, 1976)
1
ωcB
|
∂Ex
∂x
| & 1, (4)
which means that the scale size of the electric ﬁeld gradient
must be sufﬁciently small, L.Ex/ωcB, where ωc=qB/m
is the gyrofrequency. This is the basic mechanism for per-
pendicular ion heating in space plasmas that was invoked
by a few authors (Balikhin et al., 1993; Mishin and Ba-
naszkiewicz, 1998; Stasiewicz et al., 2000b; Voitenko and
Goossens,2004). BecauseofthemassdependenceinEq.(4),
this criterium is ﬁrst met by heavy ions, which is indeed ob-
served in the magnetosphere and in the solar corona, and
reported as preferential perpendicular heating of heavy ions
(e.g. Kohl et al., 1997; Cranmer et al., 1999).
The electric ﬁeld gradient implies charge non-neutrality
δNe=|Ne−Ni| that can be determined from the Poisson’s
equation
ε0∇ · E = e(Ni − Ne). (5)
The condition (4) implies that ion energization on electric
ﬁeld gradients requires a charge non-neutrality of
δNe
N
&
ω2
ci
ω2
pi
=
V 2
A
c2 , (6)
which is small in non-relativstic plasmas and justiﬁes the use
of quasi-neutrality, Ne≈Ni, together with dEx/dx6=0. In the
solar corona, V 2
A/c2<10−4, but this parameter can be larger
in auroral acceleration regions.
4 Poynting ﬂux and energy sources for particle acceler-
ation
Poynting ﬂuxes associated with the convective motion of
plasma, VE, in the terrestrial magnetosphere, the solar
corona, and in astrophysical objects,
S =
1
µ0
E × B = VE
B2
µ0
, (7)
represent gigantic sources of power. Tapping a small portion
of this perpendicular energy ﬂux to feed a wave propagating
obliquely to the magnetic ﬁeld would provide electromag-
netic power in the direction parallel to the magnetic ﬁeld.
This could explain the energy sources for many plasma ac-
celeration processes observed in space.
Let us consider an MHD wave in the plasma rest frame
of reference, with speed ω/k in the x direction at an angle
α to the background magnetic ﬁeld B0=B0[cosα,0,sinα].
We assume that plasma parameters vary mainly along x, so
that ∂/∂x∂/∂y,∂/∂z, and transverse gradients can be ne-
glected. Under such an assumption, the electric and mag-
netic ﬁelds in the plasma frame are: E=[δEx,δEy,δEz]
and B=[Bx0, δBy, Bz0 + δBz], where delta quantities rep-
resent wave perturbations of arbitrary amplitudes. The cou-
pling between waves and plasma ﬂows can be accomplished
by the divergence of the Poynting ﬂux, which in 1-D reads:
∇·S=∂Sx/∂x6=0, where µ0Sx=EyBz−EzBy. The compo-
nent of S along the B0 direction is given generally by
µ0Sk0 = (sinα δEx − cosα δEz)δBy + cosαδEyδBz, (8)
where δBy and δBz correspond to alfv´ enic and magnetosonic
polarizations, respectively. In case of sinusoidal waves,
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∝exp(ikx−iωt), the Faraday’s law ∇ × E = −∂B/∂t im-
plies
δEy = (ω/k)δBz, δEz = −(ω/k)δBy, (9)
while the x component can be obtained from the generalized
Ohm’s law (Eq. 30) as
δEx
VAB0
≈ M
δBy
B0
tanα −
βeλi
2n
∂
∂x
(
pe
pe0
). (10)
Here, n=N/N0, VA=B0(µ0N0mi)−1/2 is the Alfv´ en speed,
M=ω/kVA is the Alfv´ en Mach number, pe is the electron
pressure, βe is the ratio of electron and magnetic ﬁeld pres-
sures, and λi=VA/ωci is the ion inertial length. A small term
proportional to me/mi, the electron to ion mass ratio, is ne-
glected in Eq. (10). It is easily veriﬁed that the parallel elec-
tric ﬁeld, E·B/B, contains only the electron pressure term,
consistent with Eq. (3). Note also that the electric ﬁeld Ex
is invariant in all coordinate systems moving along x. The
Poynting ﬂux in the plasma frame is then
Sk0
SA
=Mk(
δB2
y
B2
0
+cos2 α
δB2
z
B2
0
)−sinα
βeλi
2n
∂
∂x
(
pe
pe0
)
δBy
B0
,(11)
in units of SA=VAB2
0/µ0, with Mk=M/cosα. Replacing
magnetic perturbations by velocity perturbations as implied
by the momentum equations, δBy,zB−1
0 =MkδVy,zV −1
A , we
ﬁnd an equivalent form
Sk0
N0miV 3
A
= M3
k(
δV 2
y
V 2
A
+ cos2 α
δV 2
z
V 2
A
)
−Mk sinα
βeλi
2n
∂
∂x
(
pe
pe0
)
δVy
VA
, (12)
which implies that there are ion ﬂows δVy, δVz that by shak-
ing magnetic ﬁeld lines δBy, δBz create parallel Poynting
ﬂux Sk0. For a particular mode, one has to use a suitable
Mach number: M=cosα for Alfv´ en modes, M=1 for fast
magnetosonic waves, M=(γβ/2)1/2 cosα for slow magne-
tosonic waves, and M=(γβ/2)1/2 for acoustic waves, with
β=βi+βe.
5 Nonlinear equations for MHD waves in
non-neutral plasmas
The standard equations of continuity and momentum for a
collisionless plasma are given by
∂tNj + ∇ ·
 
NjV j

= 0 (13)
Njmj
dV j
dt
= Njqj
 
E + V j × B

− ∇ · Pj, (14)
where Nj is density, mj mass, qj charge, V j velocity and
Pj pressure for species “j”. Assuming a plasma of single
charged ions and electrons (qi=−qe=e), two linear combi-
nations of electron and ion equations (e.g. Krall and Trivel-
piece, 1973) give the plasma momentum equation,
Nmi
dV
dt
= ε0E∇ · E + J × B − ∇ · P, (15)
and the generalized Ohm’s law,
me
Ne2

∂J
∂t
+ ∇ ·

VJ + JV − VVε0∇ · E − JJ
1
eN

+
1
Ne
(J × B − ∇ · Pe) = E + V × B, (16)
where V, J and P are the center of mass velocity, current
density and total pressure, respectively. As usual, the above
equations are complemented by the Maxwell’s equations
∇ × B −
1
c2
∂E
∂t
= µ0J, ∇ × E = −
∂B
∂t
, (17)
and the equations of state for the electron pressure pe, and
the total pressure p=pe+pi, that are both assumed to take
the polytropic form
pe = pe0nγe, p = p0nγ, (18)
applicable for cold, or warm plasmas; β<1. In deriving
Eqs. (15) and (16), memi and Ne≈Ni≈N have been as-
sumed, except for the difference Ne−Ni, where Poisson’s
Eq. (5) has been utilized. The charge separation effects are
important for perpendicular particle acceleration as seen in
Eqs. (4–6). Furthermore, large electric potentials that can
be created by alfvenons (Stasiewicz and Ekeberg, 2008) im-
ply that charge separation effects may be important for these
structures.
Assuming one-dimensional propagation along the x-
axis and introducing normalized variables by,z=By,z/B0,
ex,y,z=Ex,y,z/(VAB0) and vx,y,z=Vx,y,z/VA, we can write
the continuity equation as
∂n
∂t
+
∂
∂x
(nvx) = 0, (19)
and the momentum Eq. (15) as
n

∂vx
∂t
+ vx
∂vx
∂x

= −
1
2
∂b2
∂x
−
β
2
∂nγ
∂x
+ Raex
∂ex
∂x
(20)
n

∂vy
∂t
+ vx
∂vy
∂x

=
∂by
∂x
cosα + Raey
∂ex
∂x
(21)
n

∂vz
∂t
+ vx
∂vz
∂x

=
∂bz
∂x
cosα + Raez
∂ex
∂x
. (22)
The vector components of the generalized Ohm’s law
(Eq. 16) read
1
2n
∂
∂x
b2 +
βe
2n
∂
∂x
nγe + ex + vybz − vzby = 0 (23)
−
Rm
n
∂
∂x

∂bz
∂t
+ vx
∂bz
∂x

=
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−
∂by
∂x
cosα
n
+ ey + vz cosα − vxbz (24)
Rm
n
∂
∂x

∂by
∂t
+ vx
∂by
∂x

=
−
∂bz
∂x
cosα
n
+ ez + vxby − vy cosα, (25)
where we have neglected the displacement current
and introduced small parameters: Rm=me/mi, and
Ra=V 2
A/c2=ω2
ci/ω2
pi. Space and time are normalized with
the ion inertial length λi and ωci, respectively. The charge
separation effects are represented by terms proportional to
Ra. The Hall MHD approximation is obtained by setting
Rm=0 in the above equations, while ideal MHD corresponds
to setting all derivatives to zero.
Changing reference system to the stationary wave frame
moving at the wave speed ω/k, the explicit time depen-
dence is removed. In the wave frame, plasma is streaming
initially with velocity (vx0,0,0). Deﬁning the Mach num-
ber M=ω/kVA=−vx0, the continuity equation in the wave
frame yields
nvx = n0vx0 = −M, (26)
while the momentum equations with space charge effects,
Ra, are
2M2n−1 + b2 + βnγ − Rae2
x = const (27)
−Mvy = cosαby + Raeyex (28)
−Mvz = cosα(bz − bz0) + Raezex, (29)
where bz0=sinα. The generalized Ohm’s law gives
ex = vzby − vybz −
1
2n
∂
∂x
b2 −
βe
2n
∂
∂x
nγe (30)
≈ Mby tanα −
βe
2n
∂
∂x
nγe
cosα
n
∂by
∂x
− ey − vz cosα + vxbz = (31)
−
Rm
n
∂
∂x

M
n
∂bz
∂x

cosα
n
∂bz
∂x
− ez + vy cosα − vxby = (32)
+
Rm
n
∂
∂x

M
n
∂by
∂x

.
The boundary conditions for the ﬂow and Eq. (17) imply that
ey=−M sinα, ez=0 in the stationary wave frame.
6 Linear dispersion equations
To ﬁnd the dispersion equation and regions of nonlinear so-
lutions of Eqs. (26–32), we linearize them around the back-
ground state, n=1+δn, by=0+δby, bz=bz0+δbz, and seek
exponentially varying solutions ∝exp(kλix). Introducing
notation K=kλi, we obtain a general polarization matrix
M =
 
KMk, −AR + M2
kDM
AR + RaM2
k sin2 α, KMk
!
(33)
which fulﬁlls MbT=0, where bT=[δby,δbz] is a
column vector with transverse magnetic perturba-
tions. Here, AR=A−RmM2
kK2, A=M2
k−1 and
DM=sin2 α/(M2−γβ/2). The determinant of M gives the
dispersion relation
K2[1 − Rm(2A − M2
kDM + RaM2
k sin2 α)] =
−(AM−2
k − DM)(A + RaM2
k sin2 α) − K4M2
kR2
m, (34)
which describes waves in the following branches: Alfv´ en, ki-
netic Alfv´ en, electron inertial Alfv´ en, magnetosonic, acous-
tic, ion cyclotron, lower hybrid, and whistler waves. Retain-
ing only the leading orders of the small parameters Ra, Rm,
we obtain a simpler expression,
k2λ2
i =
(AM−2
k − DM)(A + RaM2
k sin2 α)
Rm(2A − M2
kDM) − 1
, (35)
which will be used in the following analysis. The wave fre-
quencies can be expressed as (note that λi=VA/ωci)
ω
ωci
= kλiM, (36)
where ωci is the ion gyrofrequency.
Exponentially varying nonlinear waves correspond to so-
lutions of Eq. (35) with k2>0, while the reverse condition
applies to linear (sinusoidal) waves. There are also areas in
the dispersion diagram corresponding to complex roots K2
of the full Eq. (34), which describe oscillitons (Sauer et al.,
2001; Dubinin et al., 2005).
We also note a controversy on the importance of charge
separation effects for the existence of soliton solutions
(evanescent waves) between Verheest (2007a,b) and McKen-
zie et al. (2007). The charge separation terms with Ra
do not signiﬁcantly modify the dispersion relation for non-
relativistic plasmas and are not necessary for solitary wave
solutions. A conclusion of non-existence of solitary wave
solutions in quasi-neutral plasmas (Verheest, 2007a) is based
on the incorrect notion that the Poisson Eq. (5) implies Ex≈0
for δNe/N≈0. In fact, Ex is determined by the Ohm’s law
(Eqs. 16, 30) and can be large and variable, while Eq. (5)
describes the spatial distribution of the space charge δNe as-
sociated with a given proﬁle of Ex(x).
6.1 Dispersive Alfv´ en waves
From Eq. (35) we ﬁnd that a nondispersive Alfv´ en mode de-
scribed by A+RaM2
k sin2 α=0 propagates with speed
ω2
k2
k
=
V 2
A
1 +
V 2
A
c2 sin2 α
, (37)
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if space charge effects are retained. Close to the Alfv´ en
mode, M2
k=1, the dispersion of sinusoidal waves can be
found for all angles by a series expansion of Eq. (35) in the
limit Ra≈0 as
ω2
k2
kV 2
A
= 1+
D
2
−
sgn(D)
2
(D2 +4k2λ2
i +4k2λ2
eD)1/2,(38)
where kk=k cosα, D=sin2 α/(cos2 α−γβ/2). This is the
equation for dispersive Alfv´ en waves (DAW) that include
electron inertial Alfv´ en waves (EIAW), kinetic Alfv´ en waves
(KAW), and shear Alfv´ en waves for arbitrary β and propa-
gation angle α. For parallel propagation, Eq. (38) becomes
ω2
k2
kV 2
A
≈ 1 − kλi, (39)
while for larger angles satisfying D2k2λ2
i, a series expan-
sion in k2 gives
ω2
k2
kV 2
A
≈ 1 +
k2λ2
i
sin2 α
(
γβ
2
− cos2 α) − k2λ2
e. (40)
For quasi-perpendicular propagation and γβ/2cos2 α,
Eq. (40) reduces to a perpendicular dispersive mode
ω2
k2
kV 2
A
≈ 1 +
γβ
2
k2λ2
i − k2λ2
e. (41)
The transition between ion dominated dispersion and elec-
tron dispersion at β≈me/mi, implied by this equation, has
been veriﬁed in laboratory experiments by Kletzing et al.
(2003).
It is seen that the ion inertia completely dominates the dis-
persive properties of Alfv´ en waves and that electron inertia
becomessigniﬁcantonlyforβme/mi, andα>88.7◦ where
ω2
k2
kV 2
A
≈ 1 − k2λ2
e ≈
1
1 + k2λ2
e
, (42)
which is the equation for electron inertial Alfv´ en waves,
EIAW.
We note that the ion gyroradius, ρi=vti/ωci is related
to the ion beta βi=2µ0pi/B2 by the relation ρ2
i =λ2
iβi.
This implies that ﬁnite gyroradius effects of kinetic theory
are incorporated as ﬁnite beta effects in ﬂuid models. In-
deed, assuming γ≈2 and neglecting electron inertia when
β>me/mi, we recover from Eq. (41) the well known disper-
sion relation for kinetic Alfv´ en waves (KAW),
ω2
k2
kV 2
A
≈ 1 +
γ
2
(βi + βe)k2λ2
i = 1 + k2
⊥ρ2, (43)
whereρ2=ρ2
i (1+Te/Ti)=ρ2
s(1+Ti/Te), andρs istheacous-
tic gyroradius. Equation (43) corresponds to the formula de-
rived by Hasegawa (1976) using kinetic theory, with a small
difference in the expression for ρ2 (3/4 instead of 1), see also
Lysak and Lotko (1996).
Using Eqs. (30) and (43), we ﬁnd that for quasi-
perpendicular KAW,
|
δEx
δBy
| ≈ VAMk sinα ≈ VA(1 + k2
⊥ρ2)1/2, (44)
which is also a known result of kinetic theory.
6.2 Dispersive magnetosonic waves
We recall that the ideal (non-dispersive) Alfv´ en waves
are obtained from the term A=0 in Eq. (35). Simi-
larly, non-dispersive magnetosonic waves are described by
AM−2
k −DM=0 in the same equation. This gives the well
known equation
ω2
±
k2V 2
A
=
1
2
(1+
γβ
2
)±
1
2
[(1+
γβ
2
)2 −2γβ cos2 α]1/2,(45)
with minus − for slow, and plus + for fast magnetosonic
waves. Expanding Eq. (35) around these modes, we obtain
expressionsfordispersivemagnetosonicwaves. Inalowbeta
approximation, β.0.1, the slow magnetosonic waves are de-
scribed by
ω2
k2V 2
A
≈
γβ
2
cos2 α(1 − k2λ2
i sin2 α). (46)
In the same approximation, the equation for fast magne-
tosonic waves is
ω2
k2V 2
A
≈ 1 +
γβ
2
sin2 α + k2λ2
i(
cos2 α
sin2 α
− Rm), (47)
valid for α>0. The slow wave has negative dispersion, while
the fast wave changes dispersion from positive (ion inertia)
to negative (electron inertia) at tanα=(mi/me)1/2.
7 Dispersion diagrams
In the preceding section, we have shown that the general
dispersion Eq. (35) reproduces results of kinetic theory for
EIAW and KAW. To explore the meaning of other solutions
described by this equation, we use a method of dispersion
diagrams introduced by Stasiewicz (2004a, 2005). Figure 1
shows such a diagram computed for a cold plasma, β=10−5.
The upper panel shows the logarithm of inverse wavelength
λi/λ=kλi/2π. Magenta color marks the position of wave-
lengthsλ=λi and black color marks waves withλ=λe. Three
vertical border lines correspond to the magnetosonic line (M-
) at the sound speed Vs=(γβ/2)1/2VA, to the Alfv´ en mode
(A-) at Alfv´ en Mach number 1, and to the whistler resonance
speed
ω2
k2V 2
A
≈
cos2 α
2Rm
+
1 + cos2 α
2
+
γβ
2
Rm tan2 α. (48)
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Fig. 1. Wave modes in a cold two-ﬂuid plasma with
β=10−5, γ=5/3, Rm=1/1836, Ra=0 obtained with Eq. (35).
The upper part shows the color coded logarithm of inverse wave-
length λi/λ with marked wavelengths λi (magenta), and λe (black).
The lower part shows the logarithm of frequency ω/ωci with
marked ion gyrofrequency ωci (magenta), and lower hybrid fre-
quency ωLH (black). White areas correspond to solitary wave so-
lutions.
For parallel propagation, this speed is
ω2
k2 = V 2
W ≈
mi
2me
V 2
A =
pB
Nme
, (49)
where pB=B2/2µ0 is the magnetic ﬁeld pressure. By com-
parison to the sound speed, V 2
s =γp/Nmi, and the Alfv´ en
speed, V 2
A=2pB/Nmi, we see that the whistler wave speed
(Eq. 49) can be interpreted as the magnetic sound carried by
inertia of electron ﬂuid with γe=1, while the Alfv´ en speed is
the magnetic sound carried by ion ﬂuid with γi=2.
The lower panel shows the logarithm of ω/ωci given by
Eq.(36)withmarkedpositionsoftheiongyrofrequency(ma-
genta), and the lower hybrid frequency ωLH=(ωciωce)1/2
(black). One can identify the following cold plasma modes:
slow magnetosonic (M-), acoustic (S-), ion cyclotron (IC-),
Fig. 2. Wave modes in a warm two-ﬂuid plasma with β=10−2
obtained with Eq. (35). Other parameters as in Fig. 1. The cross-
over position with kinetic modes (A+, IC+, S+) is at cos2 α=γβ/2.
shear Alfv´ en (A-), fast magnetosonic (M+), lower hybrid
(LH), and whistler (W) modes. Signs “+” (for fast) and “−”
(for slow) refer to the parallel wave speeds ω/kk with respect
to the Alfv´ en speed VA. White areas correspond to solitary
wave solutions (alfvenons).
Alfv´ en waves at perpendicular phase directions become
electron inertial Alfv´ en waves (EIAW), but they do not form
a separate mode. Note that the commonly used term iner-
tial Alfv´ en waves (IAW) for EIAW is misleading because it
does not distinguish between electron and ion inertia. Elec-
tron inertia is signiﬁcant only in the angular range 88.7–90◦
and cold plasma, β<me/mi, while ion inertia dominates at
all other angles 0–88.7◦ and all other beta, β>me/mi.
Reducing plasma beta would move the magnetosonic M-
and sound S-modes to the left of Fig. 1. Increasing beta
would move these modes to the right. When β≥me/mi,
the sound mode intersects with the Alfv´ en A- mode, and
creates new kinetic modes shown in Fig. 2. Here we
see that the sound mode intersects with the Alfv´ en line at
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Fig. 3. Electric ﬁeld, Ex/VAB0, and positive potential, 8/8A, for
a slow alfvenon obtained by integration of nonlinear equations for
β=10−4, γ=5/3, M=8×10−4, cosα=0.03.
cosα=Vs/VA=(γβ/2)1/2 creating the kinetic Alfv´ en wave,
(A+), thefastperpendicularsoundmode(S+), andtheioncy-
clotron mode (IC+). The parallel phase speed of these modes
is faster than VA, which justiﬁes the + sign.
8 Properties of alfvenons
Solutions of Eqs. (26–32) in the nonlinear (white) regions
of Figs. 1 and 2 represent solitary structures with bipolar
electric ﬁelds that form either negative potential (convergent
electric ﬁeld Ex) or positive potential (divergent Ex). The
electric potential along the wave path is
8(x) = −
Z x
0
Ex(x0)dx0. (50)
Creation of a nonzero perpendicular electric potential results
automatically in the establishment of a parallel potential drop
of the same magnitude, and vice versa. This parallel poten-
tial can accelerate particles that move fast enough to leave
the acceleration region before the wave changes polarisa-
tion. Numerical solutions of the nonlinear Eqs. (26–32) show
that slow/fast alfvenons create positive/negative potentials,
respectively. The sign of the potential is determined by the
sign of Ex in Eq. (10), which depends on the sense of polar-
ization of the transverse magnetic ﬁeld, or sign of δBy. In
the standard Runge-Kutta integration scheme we assume an
initial perturbation δbz and other starting quantities are deter-
mined from the polarization matrix and the dispersion (34).
An example of a slow alfvenon is shown in Fig. 3. Fig-
ure 4 shows a series of two fast alfvenons that could corre-
spond to multiple auroral arcs. The electric ﬁeld is normal-
ized with VAB0 and potential with 8A=VAB0λi. Figure 4
is obtained directly from integration; it is not a composed
picture. Each point in the white areas of Figs. 1 and 2 rep-
resents a solution which uniquely determines the size of the
alfvenon and its physical properties such as: electric ﬁeld,
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Fig. 4. A sequence of two fast alfvenons (convergent electric
ﬁeld structures) obtained by integration of nonlinear equations for
M=0.95, Rm=0 (other parameters as in Fig. 3). Such alfvenons
could correspond to multiple auroral arcs.
potential, magnetic ﬁeld, currents and density perturbations.
From the computed proﬁles we extract values for the maxi-
mum electric potential for alfvenons propagating at an arbi-
trary selected angle, cosα=0.03, shown in Fig. 5. It can be
seen that fast alfvenons located between the Alfv´ en/acoustic
modes and the fast magnetosonic mode can generate poten-
tials that reach values 8A. This potential goes down at the
fast mode M=1. On the other hand, slow alfvenons, located
between the KAW and the slow magnetosonic mode produce
smaller potentials, which also become very small when ap-
proaching the slow mode. Note, however, that Fig. 5 com-
puted for other propagation angles, or plasma beta, will give
different values of 8. Generally, 8∼8A for alfvenons near
the Alfv´ en mode, Mk=1. Tables 1 and 2 show the character-
istic potential 8A computed for plasma parameters above the
auroral regions and in the solar corona, respectively. It can be
seen that a single alfvenon can create potentials of ∼20kV
in the aurora and hundreds of kV in the solar corona.
9 Bursty ion ﬂows as energy providers
One of the energy sources available for acceleration of
plasma both in the solar corona and in the magnetosphere
is related to bursty ion ﬂows δVy, δVz that shake magnetic
ﬁeld lines δBy, δBz and create parallel Poynting ﬂux given
by Eqs. (11) or (12). This ﬂux is transported along the mag-
netic ﬁeld lines and may convert to particle energy in far
away regions. An example of bursty ion ﬂows measured by
Cluster in the magnetotail at position (−16.7,−9.6,−1.8)RE
GSE (Geocentric Solar Ecliptic) is presented in Fig. 6. The
ion ﬂows are shown in the wave coordinate system used ear-
lier in the theoretical analysis. The ˆ x-axis is in the propa-
gation direction determined as the minimum variance of B.
The ˆ y-axis is deﬁned as ˆ y=−ˆ x×ˆ b0, and ˆ z completes the right
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Fig. 5. Maximum electric potential in units of 8A=VAB0λi for
solitons propagating at cosα=0.03 in a plasma with β=10−4 and
γ=5/3.
Table 1. Characteristic potential 8A=B0VAλi [kV] for plasma
conditions above the auroral region.
N B0 [nT] h
cm−3
i
1000 100 10
103 5 0.05
102 50 0.5
101 500 5 0.050
100 5000 50 0.500
handed system. The Poynting ﬂux carried by Alfv´ en modes
in Eq. (12) is
Sk ≈ VA NmihVyi2. (51)
The ratio of the magnetic ﬂux tube area in the magneto-
sphere and ionosphere is proportional to the ratio of the mag-
netic inductions: AM/AI=BI/BM. In effect, the Poynting
ﬂux (Eq. 51), scaled to ionospheric heights (BI=40µT), is
independent of the magnetic ﬁeld in the source, BM, and
equals Sk≈15mWm−2 for proton plasma with N≈0.1cm−3
and ﬂow velocity Vy≈200kms−1. Thus, the Poynting
ﬂux generated by ions shaking magnetic ﬁeld lines at
δVy≈100−600km/s in the distant magnetosphere, and trans-
ported by Alfv´ en waves toward the ionosphere, can explain
the kinetic energy ﬂux carried by accelerated auroral elec-
trons, Se≈1−100mWm−2, as measured by satellites.
The electricpotential8created byalfvenons modiﬁes par-
ticle trajectories in phase space. Conservation of the total en-
ergy, mv2
⊥/2+mv2
k/2+q8+m8G=const, where 8G is the
gravitational potential, implies that particles entering/leaving
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Fig. 6. An example of bursty ion ﬂows measured by Cluster in the
magnetotail at (−16.7,−9.6,−1.8)RE GSE (geocentric solar eclip-
tic) coordinates. These ﬂows can produce magnetosonic and Alfv´ en
wavescarryingPoyntingﬂuxtowardtheionospherewithpowersuf-
ﬁcient to drive auroral phenomena.
Table 2. Characteristic potential 8A [kV] for plasma conditions in
the solar corona.
N B0 [G] h
cm−3
i
1000 100 10 1
1011 500 5 0.05
1010 5000 50 0.5
1009 500 5 0.05
1008 5000 50 0.5
the structure would change their kinetic energy by an amount
corresponding to the difference of the potential energies. In a
collisionless plasma the perpendicular velocity is constrained
by conservation of the ﬁrst adiabatic invariant, leading to an
increase of v2
k and lowering of the mirroring altitude of parti-
cles to denser regions where they can be subject to collisions.
Particles will dissipate kinetic energy by instabilities related
to pitch angle anisotropy, through X-ray emissions, heating
of the ambient plasma, and ionization of the neutral atmo-
sphere at low altitudes. Heating can also be accomplished
by ion Landau damping of slow modes and electron Landau
damping of fast modes. The perception of quasi-static auro-
ral structures could apply to alfvenons that reached the colli-
sional ionosphere, and through the retardation caused by the
heavy load of plasma, dissipate the electromagnetic energy
ﬂux. The dissipative processes are beyond the formalism of
the present stationary model and their description would re-
quire a fully kinetic model supported by simulations.
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10 Alfvenons in the solar corona
The problem of acceleration of plasma by alfvenons in
the solar corona has been addressed recently by Stasiewicz
(2006) and Stasiewicz and Ekeberg (2008). They found
that fast alfvenons generated during magnetic reconﬁgura-
tions in coronal loops can accelerate electrons to hundreds
of keV, producing X-rays of solar ﬂares. Furthermore, slow
alfvenons driven by chromospheric convection (δVy,δVz
drivers) would produce positive electric potentials that expel
solar wind ions. The generation of solar wind with protons
streaming at 300–800km/s, after acquiring ﬁrst the gravita-
tional escape speed of 600km/s, implies the presence of pos-
itive acceleration potentials, 2–5kV at the base of the corona.
Scattering a fraction (∼15%, or ∼0.5keV) of the ion kinetic
energy by Coulomb collisions, cyclotron, or two-stream in-
stabilities would produce particles with high coronal temper-
atures of ∼5MK. Thus, the highly publicized problem of
heating of the solar corona in fact reduces to the problem
of cooling of particles accelerated by alfvenons.
The perpendicular size of alfvenons is a few ion iner-
tial lengths, a tiny scale in the solar corona; λi=20m for
N=108 cm−3. Because of the scaling properties, λi∝N−1/2,
the alfvenons in the solar corona at N∼108−109 cm−3
are expected to be 103−104 times thinner than the cor-
responding structures measured in the magnetosphere at
N∼101−102 cm−3. However, the transverse horizontal ex-
tension (y-direction) would match the driver size of so-
lar convection granulation, and the accelerated plasma will
spread along B; both dimensions are of many Mm. Thin
threads and arcades of heated plasma seen in images from
the TRACE spacecraft (http://trace.lmsal.com) and Hinode
(Cirtain et al., 2007) are possibly manifestations of remnants
of alfvenons described above.
11 Other theoretical models for dispersive Alfv´ en waves
and solitons
Solitons in the magnetoplasma were studied theoretically us-
ing Derivative Nonlinear Schr¨ odinger (DNSL) equation by
severalauthors(Hadaetal.,1989;MjølhusandWyller,1988;
Spangler, 1990; Medvedev and Diamond, 1996; Nocera and
Buti,1996;Buti,1999;Passotetal.,2005)Thesolutionscon-
cerned mainly circularly polarized waves propagating paral-
lel to the magnetic ﬁeld.
Another development concerned quasi-perpendicular
propagation of dispersive Alfv´ en waves and processes
leading to establishment of ﬁlamentary structures with small
size perpendicular to B (e.g. Knudsen, 1996; Hollweg, 1999;
Seyler and Lysak, 1999; Wu, 2003). Many models are based
on restrictive assumption of linear magnetic polarization
δBy (δBx=δBz=0), or that electrons move only parallel to
the magnetic ﬁeld, while ions only perpendicular. This could
lead to incorrect conclusions reached by Seyler and Lysak
(1999) on nonexistence of solitary wave solutions.
In the ionospheric Alfv´ en resonator region, where the
Alfv´ en speed is strongly inhomogeneous, a nonlocal kinetic
approach must be used to describe the wave-particle interac-
tion according to Lysak and Song (2005). They combined
kinetic and ﬂuid effects in a hybrid approach, which de-
scribes the evolution of both the electron distribution and the
ﬁelds. Their calculations suggest that, on average, 10% of
the Poynting ﬂux incident through Alfv´ en waves contribute
to ionospheric precipitation and that the ﬂux arrives in bursts
once per wave period. It should also be mentioned that Song
and Lysak (1994) used the term “Alfvenon” for a reconnec-
tion structure at the magnetopause. The alfvenons discussed
in this paper have no relation to those reconnection struc-
tures, but instead represent soliton solutions located between
the Alfv´ en and magnetosonic wave modes in dispersion dia-
grams such as those in Fig. 2.
Applications of kinetic Alfv´ en waves to problems of
coronal heating were studied extensively by Voitenko and
Goossens (2004, 2006). They showed that perpendicular
ion heating can be produced as a result of interactions be-
tween ions and short wavelength KAW. These authors also
proposed a mechanism for a resonant decay of shear Alfv´ en
waves into two KAW (Voitenko and Goossens, 2005).
Recent development was stimulated by identiﬁcation of
magnetosonic solitons in Cluster measurements (Stasiewicz
et al., 2003; Stasiewicz, 2004b), and modelling their proper-
ties with Hall-MHD equations integrated directly in the ap-
proach basedon constants ofmotion (McKenzie etal.,2004),
rather than on approximative DNSL solutions. Multi-ﬂuid
equations for bi-ion plasmas have oscillatory solutions with
a soliton envelope, called “oscillitons” by Sauer et al. (2001).
Existence and properties of solitons and oscillitons in a warm
proton-alpha particle plasma have been studied further by
Dubinin et al. (2003) and Dubinin et al. (2005).
12 Summary
By analyzing the two-ﬂuid equations, we have found that
nonlinearsolutions, herecalledalfvenons, canprovideexpla-
nations to several unsolved problems related to acceleration
of plasma in the magnetosphere and the solar corona.
1. Alfvenons create bipolar electric ﬁeld structures repre-
senting either negative potentials (convergent electric
ﬁeld), or positive potentials (divergent electric ﬁeld) on
spatial scales ranging from several ion inertial lengths
to the electron inertial length. Structures on ion iner-
tial scales (∼50km) could correspond to auroral forms
related to inverted-V type electron precipitation, while
those on electron inertial scales could correspond to thin
auroral arcs (∼1km).
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2. Since the alfvenons are produced naturally as trains of
solitons (see Fig. 4), the model can also explain multiple
arc systems frequently observed in aurora.
3. Negative electric potentials created by fast alfvenons
could explain acceleration of auroral electrons to tens
of keV, and acceleration of electrons in the solar corona
to hundreds of keV.
4. Positive electric potentials created by slow alfvenons in
the solar corona can lead to outﬂow and acceleration of
solar wind ions to velocities of 300–800km/s.
5. The parallel Poynting ﬂux required to drive auroral pro-
cesses can be provided by bursty bulk ﬂows in the mag-
netotail. In the solar corona, the required energy ﬂux
can be provided by chromospheric convection granula-
tion and by varying magnetic ﬁelds in coronal loops.
6. Space charge effects introduce terms proportional to
Ra=V 2
A/c2, which are negligible in non-relativistic
plasmas and do not affect the existence of soliton so-
lutions.
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